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In 1967 Komlós proved that for any sequence { fn}n in L1(μ), with ‖ fn‖ M < ∞ (where
μ is a probability measure), there exists a subsequence {gn}n of { fn}n and a function g ∈
L1(μ) such that for any further subsequence {hn}n of {gn}n ,
1
n
n∑
i=1
hi −→
n
g μ-a.e.
Later, Lennard proved that every convex subset of L1(μ) satisfying the conclusion of
the previous theorem is norm bounded. In this paper, we isolate a very general class
of Banach function spaces (those satisfying the Fatou property), to which we generalize
Lennard’s converse to Komlós’ Theorem. We also extend Komlós’ Theorem itself to a broad
class of Banach function spaces: those that satisfy the Fatou property and are ﬁnitely
integrable (or even weakly ﬁnitely integrable), when the measure μ is σ -ﬁnite. Banach
function spaces satisfying the hypotheses of both theorems include Lp(R) (1  p ∞,
μ = Lebesgue measure), Lorentz, Orlicz and Orlicz–Lorentz spaces.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
In the Scottish Book [7], H. Steinhaus asked if there exists a family F of measurable functions deﬁned on a measure
space (X,Σ,μ) such that | f (x)| = 1 for all x ∈ X and f ∈ F , and for each sequence { fn}n in F the sequence of averages
1
n
n∑
k=1
fk(x)
is divergent for almost all x. D.G. Austin [8] showed that when restricted to zero–one valued functions, the answer is “no”.
A. Rényi [8] answered the question with no restrictions. Révész [8] showed that it was suﬃcient to assume the weaker
condition [M( f 2) K < ∞, for all f ∈ F ], where M( f 2) = ‖ f ‖22 =
∫
X | f (x)|2 dμ(x). Then, Komlós [5] proved the following
theorem. (See [5,2,6] for more information on the history and generalizations of Komlós’ Theorem.)
Theorem 1.1. Let μ be a probability measure. For any sequence { fn}n in L1(μ) with supn ‖ fn‖ < ∞, there exists a subsequence {gn}n
of { fn}n and a function g ∈ L1(μ) such that for any further subsequence {hn}n of {gn}n,
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n
n∑
i=1
hi −→
n
g μ-a.e.
We will say that a sequence { fn}n in L1 is Komlós if there exists a subsequence {gn}n of { fn}n and a function g ∈ L1 such
that for any further subsequence {hn}n of {gn}n ,
1
n
n∑
i=1
hn −→
n
g μ-a.e.
Theorem 1.1 can now be rephrased to read: For μ a probability measure, every norm-bounded sequence in L1(μ) is Komlós.
We will generalize this theorem to a broad class of Banach function spaces (for ﬁnite or σ -ﬁnite measures μ): those that
satisfy the Fatou property and are ﬁnitely integrable (or even weakly ﬁnitely integrable).
This leads to the discussion of a converse. Lennard [6] provided an example of a sequence that is Komlós and not norm-
bounded in L1(μ). Deﬁne fn := n2χ[0, 1n ] , for all n ∈ N; where μ is Lebesgue measure and Ω = [0,1]. Komlós’ Theorem,
this example, and the fact that the closed unit ball of L1 is convex, lead to a generalization of the notion of Kómlos from
sequences to sets [6]. We will say that the set C is a Komlós set if every sequence { fn}n in C is Komlós and the corresponding
limit g belongs to C . Lennard [6] showed that every convex Komlós subset of L1(μ) is norm bounded.
We will also extend this result to a large class of Banach function spaces (for ﬁnite or σ -ﬁnite measures μ): those
satisfying the Fatou property. Banach function spaces satisfying the hypotheses of both theorems include Lp (1  p ∞),
Lorentz, Orlicz and Orlicz–Lorentz spaces.
This allows one to characterize convex, Komlós sets in FI Banach function spaces with the Fatou property as precisely
the norm bounded, convex sets that are closed for the topology of convergence locally in measure.
Finally, we will brieﬂy discuss a connection between our work and an extension of Komlós’ Theorem to Lp (1 p < 2)
due to Chatterji [2].
We note that the results in this paper, except for Corollary 3.3, form part of the ﬁrst author’s PhD thesis [3].
2. Preliminaries
As usual, N denotes the set of all positive integers, while R is the set of all real numbers.
We now recall the notion of Banach function norms. Let (Ω,Σ,μ) be a complete measure space. Denote the space
of all (μ-equivalence classes of) Σ-measurable functions on Ω taking values in R by M, and the cone of Σ-measurable
functions on Ω taking values in [0,∞] by M+ . Also, for all E ∈ Σ , let χE be the characteristic function of E . A mapping
ρ :M+ → [0,∞] is called a function norm if for all f , g, { fn}n∈N inM+ , for every α  0, and for all E ∈ Σ , the following
properties hold.
• (P1) ρ( f ) = 0 ⇐⇒ f = 0, ρ(α f ) = αρ( f ), and ρ( f + g) ρ( f ) + ρ(g);
• (P2) 0 g  f 	⇒ ρ(g) ρ( f );
• (P3) μ(E) < ∞ 	⇒ ρ(χE ) < ∞.
Given a function norm ρ , the normed linear space X of all functions f ∈M such that ρ(| f |) < ∞, is called a Köthe space.
Here, ‖ f ‖X := ρ(| f |), for all f ∈ X . A complete Köthe space is called a Banach function space. We will often write ‖ · ‖X
as ‖ · ‖.
It will be useful to discuss Banach function spaces with nice properties. We will say that a Banach function space satisﬁes
the Fatou property if for all sequences { fn}n inM and for all f ∈M,
0 fn ↑n f μ-a.e. 	⇒ ρ( fn) ↑n ρ( f ).
Moreover, a Banach function space will be called ﬁnitely integrable (FI) if for all E ∈ Σ with μ(E) < ∞, there exists a constant
CE ∈ (0,∞) such that∫
E
| f |dμ CEρ
(| f |), for all f ∈ X .
Note that Bennett and Sharpley [1] include the FI property and the Fatou property in their deﬁnition of a Banach function
space.
Clearly, Lp(μ) is an FI Banach function space with the Fatou property, for all 1  p  ∞. Other examples of such
spaces are Lorentz, Orlicz and Orlicz–Lorentz spaces. For more information about Banach function spaces see, for example,
[1,9,4].
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Komlós if for every sequence { fn}∞n=1 in S , there exists a subsequence {gn}∞n=1 of { fn}∞n=1 and a function g ∈ S such that for
any further subsequence {hn}∞n=1 of {gn}∞n=1
1
N
N∑
m=1
hm −→
N
g μ-a.e.
3. An extension of Komlós’ Theorem to Banach function spaces
We will begin by generalizing Theorem 1.1. Note that Theorem 1.1 extends from a probability measure μ to a ﬁnite
measure μ by re-scaling.
Theorem 3.1. Let X be an FI Banach function space with the Fatou property over a σ -ﬁnite, complete measure space (Ω,Σ,μ). Let
M ∈ [0,∞). For any sequence { fn}n∈N in X with each ‖ fn‖ M, there exists a subsequence {gn}n of { fn}n and a function g ∈ X with
‖g‖ M, such that for any further subsequence {hn}n of {gn}n,
1
n
n∑
i=1
hi −→
n
g μ-a.e.
Proof. Fix a sequence { fn}n as above. By hypothesis Ω =⋃n∈N Ωn for some increasing sequence {Ωn}n∈N in Σ such that
each μ(Ωn) < ∞. Now, X is an FI Banach function space. Thus, for all j ∈N, there exists a constant C j ∈ (0,∞) such that∫
Ω j
| fn|dμ C jρ
(| fn|) C jM, for all n ∈ N.
By Theorem 1.1 there exists a subsequence {g(1,n)}n of { fn}n and a g1 ∈ L1(Ω1,μ) such that for any subsequence {hn}n of
{g(1,n)}n we have
1
n
n∑
i=1
hi −→
n
g1 μ-a.e. in Ω1.
We will proceed inductively. Fix j ∈N. Assume we have a subsequence {g( j,n)}n of { fn}n and a g j ∈ L1(Ω j,μ) such that for
any subsequence {hn}n of {g( j,n)}n we have
1
n
n∑
i=1
hi −→
n
g j μ-a.e. in Ω j.
Using Theorem 1.1 again gives us a subsequence {g( j+1,n)}n of {g( j,n)}n and a g j+1 ∈ L1(Ω j+1,μ) such that for any
subsequence {hn}n of {g( j+1,n)}n we have
1
n
n∑
i=1
hi −→
n
g j+1 μ-a.e. in Ω j+1.
Without loss of generality, we can impose the restriction that g( j+1,n) = g( j,n) for all n  j + 1. It is easy to verify that g ,
deﬁned by g(x) := g j(x) whenever x ∈ Ω j , is in M over (Ω,Σ,μ). Moreover, {g(n,n)}n is a subsequence of {g( j,n)}n for all
j ∈N. So, for any subsequence {hn}n of {g(n,n)}n we have
1
n
n∑
i=1
hi −→
n
g μ-a.e. in Ω.
All that is left is to show that g ∈ X . To this end, for all n ∈N, we deﬁne kn by
kn(x) := inf
jn
∣∣∣∣∣1j
j∑
i=1
g(i,i)(x)
∣∣∣∣∣, for all x ∈ Ω.
Clearly, each kn ∈M and ‖kn‖  ‖ 1n
∑n
i=1 g(i,i)‖  M . Since kn ↑n |g| μ-a.e. and X has the Fatou property, it follows that
ρ(|kn|) ↑n ρ(|g|). Therefore, ‖g‖ M . 
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of all subsets of N and μ := the counting measure on Σ . Now, for all sequences x = {xn = x(n)}n∈N in [0,∞) (i.e., x ∈M),
deﬁne
ρ(x) :=
{∞, if not [limn xn = 0],
supn xn, if limn xn = 0.
It is easy to see that X = c0 with the usual norm. Deﬁne the sequence { fn}n∈N in X by setting, for all n ∈ N: fn( j) := 1 if
j  n, and fn( j) := 0 if j > n. Then fn( j) ↑n 1 = χN( j), for all j ∈ N, and ρ(χN) = ∞. This is an example of a norm bounded
sequence in a Banach function space without the Fatou property that fails the conclusion of Theorem 3.1.
The proof of the previous theorem motivates the following deﬁnition.
Deﬁnition 3.2. We will call a Banach function space X over a complete measure space (Ω,Σ,μ) weakly ﬁnitely integrable
(WFI) if the following holds.
(1) The set Ω =⋃n∈N Ωn for some increasing sequence {Ωn}n∈N in Σ such that each μ(Ωn) < ∞.
(2) For all j ∈N, there exist a constant C j ∈ (0,∞) and a function w j ∈ L1(μ) with w j(x) > 0 for μ-almost all x ∈ Ω j , such
that ∫
Ω j
| f |w j dμ C jρ
(| f |), for all f ∈ X .
For each j ∈ N, deﬁne the measure ν j on Σ by dν j = w j dμ. We note that since (X,‖ · ‖) is a Banach space, the Closed
Graph Theorem gives us that condition (2) in the above deﬁnition is equivalent to: [if a sequence { fn}n in X converges to 0
in norm, then { fn}n converges to 0 locally in μ-measure] and [X ⊆ L1(ν j), for all j ∈ N].
We can now easily state a corollary of Theorem 3.1 that has essentially the same proof.
Corollary 3.3. Let X be a Banach function space over a complete measure space (Ω,Σ,μ), such that X is WFI and has the Fatou
property. Let M ∈ [0,∞). For any sequence { fn}n∈N in X with each ‖ fn‖  M, there exists a subsequence {gn}n of { fn}n and a
function g ∈ X with ‖g‖ M, such that for any further subsequence {hn}n of {gn}n,
1
n
n∑
i=1
hi −→
n
g μ-a.e.
4. A converse to Komlós’ Theorem in Banach function spaces
In this section, we present a converse to Theorem 3.1, by extending the proof in [6] for the special case X = L1(μ).
Theorem 4.1. Let X be a Banach function space satisfying the Fatou property with ﬁnite underlying measure space (Ω,Σ,μ). Suppose
C is a convex Komlós subset of X . Then C is ‖ · ‖-bounded.
Proof. To obtain a contradiction, suppose that C is not norm bounded. Then, there exists a sequence {gn}∞n=1 in C such that‖gn‖−→
n
∞.
By hypothesis, C is a Komlós set. Thus, by passing to a subsequence if necessary, we ﬁnd that there is a g ∈ C such that
1
N
N∑
m=1
hm −→
N
g μ-a.e.,
for every subsequence {hm}m of {gn}n .
By translating C to C − g , we may assume (without loss of generality), that the zero function θ ∈ C , and for every
subsequence {hm}m of {gn}n ,
1
N
N∑
m=1
hm −→
N
θ μ-a.e. (1)
Next, let u1 := 1 and f1 := gu1 . Since ‖gn‖ → ∞, there exists a u2 ∈N such that u2 > u1 and
‖gu2‖ > ‖gu1‖ + 2
(
22
)
.
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f2 := 1
2
(gu1 + gu2).
Note that f2 ∈ C and
‖ f2‖ 1
2
(‖gu2‖ − ‖gu1‖)> 12 · 2
(
22
)
.
In general, ﬁx n ∈ N with n  2. Suppose a strictly increasing sequence {u j}n−1j=1 in N has been chosen. Choose un ∈ N with
un > un−1 such that
‖gun‖ >
∥∥∥∥∥
n−1∑
j=1
gu j
∥∥∥∥∥+ n(2n).
Consider this subsequence {gn j }∞j=1 of {gn}n . For every n ∈ N, we deﬁne
fn := 1
n
n∑
j=1
gu j .
We see that for all n ∈N,
‖ fn‖ =
∥∥∥∥∥1n
n∑
j=1
gu j
∥∥∥∥∥ 1n
(
‖gun‖ −
∥∥∥∥∥
n−1∑
j=1
gu j
∥∥∥∥∥
)
 2n.
Consequently, ‖ fn‖−→
n
∞. Also, from Eq. (1), we have that fn −→
n
θ μ-a.e.
We shall now construct a subsequence of { fn}n by inductively deﬁning a strictly increasing sequence {nk}∞k=0 in N, a
decreasing sequence {En}∞n=0 in Σ , and a sequence {δk}∞k=0 in (0,∞) such that statements (1′) to (4′) below hold for all
k ∈N.
(1′) δk < δk−12 .
(2′) For every E ∈ Σ with μ(E) < δk , ‖ fnkχEk\E‖ > 2k(
∑k−1
j=0 ‖ fn j‖ + 2‖χΩ‖ + 2k).
(3′) ‖ fnχEk−1\Ek‖∞ < 1, for all n nk .
(4′) μ(Ek) < δk−1.
To begin, let E0 := Ω , δ0 := 2μ(Ω), and n0 := 1. Let E1 := Ω . We have ‖ fn‖−→
n
∞. So, choose n1 ∈ N with n1 > n0 such
that
‖ fn1χE1‖ > 21
(‖ fn0‖ + 2‖χΩ‖ + 21)+ 1
and
‖ fnχE0\E1‖∞ < 1, for all n n1. (2)
Note that our choice of E0 and E1 makes restriction (2) trivial. By the Fatou property, there exists a δ1 ∈ (0,μ(Ω)) such
that for every set E ∈ Σ with μ(E) < δ1 we have ‖ fn1χE1\E‖ > 21(‖ fn0‖ + 2‖χΩ‖ + 21). Obviously, μ(E1) < δ0.
We proceed inductively from here. Fix m ∈ N with m > 1 and assume that we have constructed a strictly increasing
sequence {nk}m−1k=0 in N, a decreasing sequence {Ek}m−1k=0 in Σ and a sequence {δk}m−1k=0 in (0,∞) satisfying (1′) through (4′)
for each k ∈ {1, . . . ,m − 1}. We have that fn −→
n
θ μ-almost everywhere on Em−1. By Egoroff ’s Theorem, there exists a
measurable set Em ⊆ Em−1 such that
μ(Em) < δm−1 and ‖ fnχEm−1\Em‖∞ −→n 0.
Also, note that property (3′) holds for every k ∈ {1, . . . ,m − 1}, which implies
‖ fnχΩ\Em−1‖∞ < 1, for all n nm−1.
Choose nˆ > nm−1 such that
‖ fnχEm−1\Em‖∞ < 1, for all n nˆ.
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| fnχΩ\Em | χΩ, for all n nˆ.
By properties (P2) and (P3), for all n nˆ > nm−1,
‖ fnχEm‖ ‖ fn‖ − ‖ fnχΩ\Em‖ ‖ fn‖ − ‖χΩ‖.
But ‖ fn‖−→
n
∞. Therefore,
lim
n→∞‖ fnχEm‖ = ∞.
Choose nm ∈ N with nm > nˆ > nm−1 so that
‖ fnmχEm‖ > 2m
(
m−1∑
j=0
‖ fn j‖ + 2‖χΩ‖ + 2m
)
+ 1.
By the Fatou property, there exists δm > 0 with δm <
δm−1
2 , such that for every measurable set E with μ(E) < δm we have
‖ fnmχEm\E‖ > 2m
(
m−1∑
j=0
‖ fn j‖ + 2‖χΩ‖ + 2m
)
.
The construction by induction is complete.
Now, by eliminating terms in the sequence we can, without loss of generality, assume that δ1 < 122 . Thus μ(Ek) <
1
2k
for k  2. For notational simplicity, let us relabel fnk as fk . We will refer to the four properties (1′) through (4′) with nk
replaced everywhere by k, as (1∗) through (4∗), respectively.
We deﬁne
ψk :=
k∑
j=1
1
2 j
f j,
for every k ∈ N. Recall that θ ∈ C and that C is convex. So, we have ψk ∈ C for every k ∈ N. Since C is a Komlós set, there
exists a subsequence {ψkl }∞l=1 of {ψk}k and q ∈ C such that
qn := 1
n
n∑
l=1
ψkl −→n q μ-a.e.
Also,
q ∈ C 	⇒ q ∈ X ⇐⇒ ‖q‖ < ∞.
Let k0 := 0. It is straightforward to show that
qn =
n∑
j=1
n − j + 1
n
k j∑
t=k j−1+1
1
2t
ft .
Henceforth, all inequalities involving functions will be true μ-almost everywhere. Fix m ∈N, m > 1. There exists a unique
i ∈N such that ki−1 <m ki . Deﬁne cm := χEm\Em+1 . Fixing an arbitrary n i, we observe that
|qn|cm =
∣∣∣∣∣
n∑
j=1
j =i
n − j + 1
n
k j∑
t=k j−1+1
1
2t
ft + n − i + 1
n
ki∑
t=ki−1+1
1
2t
ft
∣∣∣∣∣cm
=
∣∣∣∣∣ 12m n − i + 1n fm +
n∑
j=1
j =i
k j∑
t=k j−1+1
1
2t
n − j + 1
n
ft + n − i + 1
n
ki∑
t=ki−1+1
t =m
1
2t
ft
∣∣∣∣∣cm

(
1
2m
n − i + 1
n
| fm| −
kn∑
t=1, t =m
1
2t
| ft |
)
cm

(
1
2m
n − i + 1
n
| fm|
)
cm −
m−1∑ 1
2t
| ft |cm −
kn∑ 1
2t
| ft |cm.t=1 t=m+1
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for all integers n i, we have that on the set Em\Em+1,
|qn| 1
2m
n − i + 1
n
| fm| −
m−1∑
t=1
1
2t
| ft | − 1
= 1
2m
| fm| −
m−1∑
t=1
1
2t
| ft | − 1− i − 1
n
1
2m
| fm|.
Since this inequality holds for all large n, we can take the limit as n → ∞. On Em\Em+1, we have
|q| 1
2m
| fm| −
m−1∑
t=1
1
2t
| ft | − 1.
Let γm := 12m | fm|−
∑m−1
t=1
1
2t | ft |−1. Recall that f +(x) := max{ f (x),0} and f −(x) := max{− f (x),0}, for all x ∈ Ω , and for
all f ∈M. So, |q|cm  γ +m cm and γ +m = |γm| − γ −m . Note that γ −m cm  (
∑m−1
t=1
1
2t | ft | + 1)cm . Therefore, by property (P2),
‖q‖ ‖qcm‖

∥∥γ +m cm∥∥ ∥∥|γm|cm∥∥− ∥∥γ −m cm∥∥
= ‖γmcm‖ −
∥∥γ −m cm∥∥

∥∥∥∥∥
(
1
2m
| fm| −
m−1∑
t=1
1
2t
| ft | − 1
)
cm
∥∥∥∥∥−
∥∥∥∥∥
(
m−1∑
t=1
1
2t
| ft | + 1
)
cm
∥∥∥∥∥

∥∥∥∥ 12m fmcm
∥∥∥∥− 2
(
m−1∑
t=1
1
2t
‖ ftcm‖ + ‖cm‖
)
 1
2m
‖ fmcm‖ −
m−1∑
t=1
‖ ft‖ − 2‖χΩ‖.
Finally, using (2∗) and (4∗) we see that
‖q‖ 2m.
This holds for arbitrary m ∈N. Therefore, ‖q‖ = ∞; which contradicts the fact that q is in X . 
Theorem 4.1 extends to the case where μ is a σ -ﬁnite measure. The following theorem generalizes Theorem 2.2 of [6],
which is concerned with the special case X = L1(μ).
Theorem 4.2. Let X be a Banach function space satisfying the Fatou property with a σ -ﬁnite underlying measure space (Ω,Σ,μ).
Suppose C is a convex Komlós subset of X . Then C is ‖ · ‖-bounded.
Proof. Since (Ω,Σ,μ) is σ -ﬁnite, there exists g ∈ L1(μ) such that 0 < g  1 μ-a.e. and
∫
Ω
g dμ  1. Deﬁne the ﬁnite
measure dν := g dμ; i.e., ν(S) := ∫S g dμ, for all S ∈ Σ . Now, deﬁne r( f ) := ρ( f g), for all f ∈M. It is easily veriﬁed that r
is a Banach function norm. We call the corresponding Banach function space (Y ,‖ ·‖Y ). Then, (Y ,‖ ·‖Y ) is a Banach function
space with underlying measure space (Ω,Σ,ν), that satisﬁes the Fatou property. We deﬁne the mapping T : X → Y by
T ( f ) := f g−1. Clearly, T is an isometry from X onto Y . Also, T (C) is a convex Komlós subset of Y . Since ν(Ω) 1, we can
apply Theorem 4.1 to obtain a norm bound, M , for T (C) in Y ; which is therefore also a norm bound for C in X . 
5. Conclusion
Theorem 3.1 shows that the closed unit ball of X is a Komlós set, where X is an FI Banach function space with the
Fatou property deﬁned on (Ω,Σ,μ), a σ -ﬁnite measure space. Clearly, the translation and dilation of Komlós sets are also
Komlós sets. This gives us a large family of convex Komlós sets.
Theorem 4.1 and Theorem 4.2 show that all convex Komlós sets are subsets of the simple convex Komlós sets described
above.
This allows one to characterize convex, Komlós sets in such spaces as precisely the norm bounded, convex sets that are
closed for the topology of convergence locally in measure.
Chatterji [2] proved the following:
136 J.B. Day, C. Lennard / J. Math. Anal. Appl. 367 (2010) 129–136Theorem 5.1. Let (Ω,Σ,μ) be a σ -ﬁnite, complete measure space and { fn}n ∈ Lp(μ), 0 < p < 2 be a norm bounded sequence. Then,
there exists a subsequence {gn}n of { fn}n and a function g ∈ Lp such that for any subsequence {hn}n of {gn}n,
lim
n→∞n
− 1p
n∑
k=1
(hn − g) = 0 μ-a.e.
We can use Theorem 4.2 and Chatterji’s Theorem to obtain the following result when 1 p < 2.
Theorem 5.2. Let (Ω,Σ,μ) be a σ -ﬁnite, complete measure space and C ⊆ Lp(μ), 1 p < 2 be a convex Komlós set. Then, for every
sequence { fn}n ∈ C there exists a subsequence {gn}n of { fn}n and a function g ∈ C such that for any subsequence {hn}n of {gn}n,
lim
n→∞n
− 1p
n∑
k=1
(hn − g) = 0 μ-a.e.
Proof. Since C is convex and Komlós, it is norm bounded by Theorem 4.2. Now, ﬁx a sequence { fn}n in C . Without loss
of generality, by taking a subsequence if necessary, we may assume that there is a g ∈ C such that for every subsequence
{gn}n of { fn}n we have
lim
n→∞n
−1
n∑
k=1
(gn − g) = 0 μ-a.e.,
since C is Komlós. Now, by Theorem 5.1 we have a subsequence {gˆn}n of { fn}n and gˆ ∈ Lp such that for any further
subsequence {hn}n of {gˆn}n
lim
n→∞n
− 1p
n∑
k=1
(hn − gˆ) = 0 μ-a.e.
This directly implies that
lim
n→∞n
−1
n∑
k=1
(hn − gˆ) = 0 μ-a.e.
So, gˆ = g ∈ C . This concludes the proof of Theorem 5.2. 
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